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Abstract 

In this paper, we give the concept of L-fuzzy Semi-Preopen operator in L-fuzzy topological spaces, and 
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Introduction 



C. L. Chang [5] introduced and developed the concept of fuzzy topological spaces based on the concept of a 
^ ' fuzzy set introduced by Zadeh in |19) . Since then, various important notions in the classical topology such as 

, compactness and continuity have been extended to Chang's fuzzy topological spaces. 

CN . 

{vq , In 1980, Hohle [6] introduced the concept of the fuzzy measurable spaces with the idea of giving degrees in [0,1] 

to some topological terms rather than and 1. In 1991, from a logical point view, Ying [TU] introduced the 
concept of fuzzifying topology and gave its base and subbase, which is established on the crisp sets not on the 
fuzzy set. 

It is valued to note that Ying [TO] also introduced another fuzzy topological space which is called bifuzzy 
topological space. In fact, this structure was not new in fuzzy topology, since it is already defined by Kubiak 
[8] and Sostak [16]. In 1992, Ramadan [11] has been defined the same structure and gave it the name smooth 
fuzzy topology. Finally, this structure is called L-fuzzy topological space where L is an appropriate lattice (see 
5— i ' [!])• Briefly speaking, an L-fuzzy topology on a set X assigns to every L-subset on X a certain degree of being 

open, other than being definitely open or not. 

In order to generalize the concepts of Scmiopen and Preopcn L-subsets, Shi [14j introduced the notions of 
Semiopcn operator and Preopen operator in L-fuzzy topological spaces. He introduced the notions of L-fuzzy 
Semicontinuous, L-fuzzy irresolute, L-fuzzy Prccontinuous, L-fuzzy Preirrcsolutc functions in terms of Semiopcn 
and Preopen operators and discussed some of its properties. 

In this paper, we introduce the concept of L-fuzzy Semi-Preopen operator in L-fuzzy topological spaces and 
study some of its properties. Then we introduce and study the concept of L-fuzzy SP-compactness in L-fuzzy 
topological spaces. Several characterizations based on L-fuzzy Semi-Preopen operator are presented for L-fuzzy 
SP-compactness. 

2 Preliminaries 

Throughout this paper (L, <, /\, \/,' ) is a complete DcMorgan algebra, A is a nonempty set. L x is the set of 
all L-subsets on X. The smallest element and the largest element in L x are denoted by _L and T, respectively. 
A complete lattice L is a complete Heyting algebra if it satisfies the following infinite distributive law: For all 
a 6 L and all B C L, 

aA\/B = \/{aAb\beB}. 
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An element a in L is called a prime element if a > b A c implies a > b or a > c. An element a in L is called 
co-prime if a' is prime (4j. The set of non-unit prime elements in L is denoted by P(L). The set of non-zero 
co-prime elements in L is denoted by M(L). 

The binary relation in L is defined as follows: for a, b £ L, a <C b if and only if for every subset D C L, the 
relation 6 < swp L> always implies the existence of d G L> with a < d (3] . In a completely distributive DeMorgan 
algebra L, each element b is a sup of {a G L|a <C b}. A set {a G L\a <C 0} is called the greatest minimal 
family of b in the sense of [Qj [18], denoted by /3(&), and (3*(b) = (3(b) fl M(L). Moreover, for b G L, we define 
a(6) = {a G L|a' < o'} and a* (6) = a(6) n P(L). 

Let / : X — » y be a crisp mapping. Then an L-fuzzy mapping fj^ : L x — > L Y is induced by / as usual, i.e., 
f?(A)(y) = V ae x, /(,)=^(^) and ft(B)(x) = B(.f(x)). 

An L-topological space is a pair (X, r) , where r is a subfamily of L x which contains _L; T and is closed for any 
suprcma and finite infima. t is called an i-topology on X. Members of r are called open L-subsets and their 
complements are called closed L-subsets. 

Definition 2.1 ([HI [16]). A function T: L x — > L is called an L-fuzzy topology on X if it satisfies the following 
conditions: 

(01) T(JL) = T(T) = T. 

(02) T(A A B) > T(A) A T{B) for each A, B £ L x . 

(03) T(V i6 r^i) > AigrTCAi) for any {Ai} iG r C L x . 

The pair (X, T) is called an L-fuzzy topological spaces. T(A) can be interpreted as the degree to which A 
is an open L-subset and T(A') will be called the degree of closedness of A, where A' is the L-complement of 
A. A function / : (X, T) — > (Y, U) is said to be continuous with respect to L-fuzzy topologies T and hi if 

TUti B )) > U i B ) holds for a11 B G lY ■ 

For a G L and the function T : L x — > L, we use the following notation from [13] , 

T [a] ={AeL x \T(A)>a}. 
Theorem 2.1 ([7]). Let T : L x —> L be a function. Then the following conditions are equivalent: 

(1) T is an L-fuzy topology on X; 

(2) 7fo] is an L-topology on X, for each a G M(L). 

Definition 2.2 ([H]). Let (X,T) be an L-topological space, a G Lj_ and G G L x . A family W C L x is called 
a /3 a -cover of G if for any x G X, it follows that a G (3(G'(x) V Vasw W is called a strong ^ a -cover of G 

Haep(A xeX (G'(x)V\J Aell A(x))). 

Definition 2.3 ([H]). Let (X, T) be an L-topological space, a G L± and G G L A . A family U C L x is called 
a Q a -covcr of G if for any x G X, it follows that G'(x) V Vytew ^( :E ) — a - 

It is obvious that a strong /? Q -cover of G is a /3 a -cover of G, and a /3 a -cover of G is a Qa-cover of G. 

Definition 2.4 ([E]). Let (X, T) be an L-topological space, a G Ly and G G L x . A family A C L x is said to 
be: 

(1) an a-shading of G if for any x G X, (G'(x) V Vag.4 ^( a; )) ^ a - 

(2) a strong a-shading of G if /\ X £x(G'(x) V V^e-A ^ a - 

(3) an a-remote family of G if for any x <E X, (G(x) A Asg^ B ( x )) It a - 
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(4) a strong a-remote family of G if \J x( zx(G(x) A /\bcA ^( x )) ^ a - 

Definition 2.5 ([TZ])- Let (X, T) be an L-topological space. An L-subsct A £ L x is called Semi-Preopen if 
there is a Preopen subset B such that B < A < cl(B). 

Definition 2.6 ([I]). Let (X, T) be an L-topological space and G £ L x . Then G is called fuzzy SP-compact 
if for every family U C L x of Semi-Preopen L-subsets, it follows that 

f\ [G'{x)y \/ A(x)) < \/ A \ G'{x)y \/ 
sex V a&a ) xi,£2 u xex \ Aei> 

Definition 2.7 ([H]). Let (X, T) be an L-fuzzy topological space. For A £ L x , define the mapping T p ■ L x —> L 
by 

t p (a)= /\ v \ t (b)a A A cn^'))' 

ij«Aii«B [ V^By^D>A 

Then T p is called L- fuzzy preopen operator induced by T, where T P {A) can be regarded as the degree to which 
A is preopen and T p * (A) = T P (A') can be regarded as the degree to which A is Preclosed. 

3 L-Fuzzy Semi-Preopen Operator 

Definition 3.1. Let (X, T) be an L-fuzzy topological space. For any G £ L x , define the mapping Tsp '• L ^ L 

by 

T sp (A)= \/ \r p (B)A a A 

B<A y x x <^Ax x ^D>B 

Then T sp is called the L-fuzzy Semi-Preopen operator induced by T and T p , where T sp (A) can be regarded 
as the degree to which A is Semi-Preopen and T s * p (A) = T sp {A') can be regarded as the degree to which A is 
Scmi-Preclosed. 

Theorem 3.1. Let (X, T) be an L-fuzzy topological space and A £ L x . Then A £ (T sp )[ a ] if and only if A is 
Semi-Preopen in 7u], where a £ M(L) and (T sp )[ a ] = {A £ L x \ T sp (A) > a}. 

Proof. 

A £ (Tsp) [a ] & T sp {A) > a 

# V \ r p (B)>aA A A (T(D')y\>a 

B<A [ ij«AijP>B J 

3B <A such that T P {B) > a and A A ( T ( D '))' ^ a 

x x «.Ax x £D>B 

<S> 3B < A such that B £ {T p ) [a] and A A CH- '))' - a 

x x <£Ax x ^D>B 

<^> 3B < A such that B £ [T v )[ a ] and for each x\ < A, \J T(D') < a' 

x x ^D>B 

<^> 3B < A such that B £ (T v \ a ] and for each x\ < A, if \l T(D') > a, then x\ < D 

D>B 

<=> 3B < A such that B £ {T p )[ a \ and A < cl(B) 
A is Semi-Preopen. 

□ 
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Definition 3.2. Let (X, 71) and (YjTi) be two L-fuzzy topological spaces. The function / : (X, 7i) — ► (Y, 72) 
is called: 



(1) L-fuzzy Semi-Precontinuous function if T^iV) < (7i) sp (/2~(^)) holds for each V E L 

(2) L-fuzzy Semi-Preirresolute if (T 2 ) sp (V) < {Ti) sp {fti v )) holds for each V G L Y . 

Theorem 3.2. Let (X,T) and (Y,U) be two L-fuzzy topological spaces. Then / : (X,T) — > (Y,li) is L-fuzzy 
semi-precontinuous if and only if / : (X, (7")r a i) — > (Y, (W)r i) is L-semi-precontinuous for each a £ M(L). 

Proof. (=>) Let G Wr a i, then W(V) > a. Since / : (X, T) — > (Y,U) is L-fuzzy semi-precontinuous, T sp {f^{V)) > 
U(V) > a, so T sp {fiJ 00) — a > therefore /£~(V) G (7^ p )[ a ], this implies that /^"(V) is Semi-Preopen in (X, 7[ a ])- 
So that / : (X, Tjai) — > (Y,W[ ffl ]) is L-semi-precontinuous. 

(<=) Let W(V) > a for each a G M(L), then V € Wr i. By the semi-precontinuity of / : (X, 7[ a j) — > (Y,Wr a i), we 
have ft(V) £ (7; p ) [o] . Accordingly, T sp (ft(V)) > a for each a G M(L) n M{U{V)), where M(W(V)) = {a G 
M(Z)|a < U{V)}. It follows that 

T sp (ft(V)) > \JM{U{V)) =U(V). 

□ 

Theorem 3.3. Let (X, T) and (Y,U) be two L-fuzzy topological spaces. The function / : (X, T) — ► (Y,U) is 
L-fuzzy Semi-Preirresolute if and only if / : (X, 7[ ]) — > (Y,W[ i) is L-Semi-Preirresolute for each a G M(L). 

Proof. (=>) Suppose that V is an L-Semi-Preopen in (Y,U[ a ]), then V G (M S p)[a]i so W sp (V) > Since 
/ : (X,T) (Y,W) is L-fuzzy Semi-Preirresolute, T sp (f£(V)) > U sp (V) > a, so T sp (ft(V)) > a, therefore 
/i"(V) G {T sp )[a], this implies that f£(V) is Semi-Preopen in (X,7[ Q ]). So that / : (X,T[ a ]) ->■ (V,W[ a ]) is 
L-Semi-Preirrcsolute. 

(<=) Let U sp (V) > a for each a G M(L), then V G (W SJ ,)r a i. Since / : (X, 7T a l) ~ > (Y ^[a]) is L-Scmi-Prcirresolute, 
/zTOO G (Tsp)[a]- Accordingly, T sp (ft(V)) > a for any a G M(L) n M(Z4 P 00), where M(W sp (F)) = {a G 
M{L)\a < U sp {V)}. It follows that 

T sp {ft(V)) > \jM(U sp (V)) =U sp {V). 

□ 

4 SP-Compactness in L-fuzzy Topological Spaces 

Definition 4.1. Let (X, T) be an L-fuzzy topological space. An L-subset G G L x is called L-fuzzy SP-compact 
if for every family V C L x , it follows that 

A r ^ F ) A A ( G '(^ v V < V A (Wjv V ^)) ■ 

Where 2^ denotes the set of all finite subfamily of V . 

Theorem 4.1. Let (X,T) be an L-fuzzy topological space. An L-subset G G L x is called L-fuzzy SP-compact 
if for every family W C L x , it follows that 

V (T: P (F)yv V ( G ^ A A f w) ^ A V ( G ^ A A ■ 

Few xex \ Few I ue2W)xex\ Feu J 

Proof. Straightforward. □ 



4 



Theorem 4.2. Let (X, T) be an L-fuzzy topological space and G G L x . The following conditions are equivalent: 

(1) G is an L- fuzzy SP-compact; 

(2) For any a G M(L), each strong a-remote family V of G with /\ Fe -p T s * p (F) j£ a' has a finite subfamily H 
which is a (strong) a-remote family of G; 

(3) For any a G M(L), each strong a-remote family V of G with /\p e -pT* p {F) j£ a', there exists a finite 
subfamily H oi V and 6 G /3*(a) such that H is a (strong) 6-remote family of G; 

(4) For any a G P(L), each strong a-shading U oi G with /\ Fe -p T sp (F) a has a finite subfamily V which is 
a (strong) a-shading of G; 

(5) For any a G P{L), each strong a-shading U of G with /\ FGV T sp {F) ^ a, there exists a finite subfamily V 
of U and o G a* (a) such that V is a (strong) 6-shading of G; 

(6) For any a G M(L) and & G /3*(a), each Q Q -cover U oi G with T sp (F) > a ( for each F £ U) has a finite 
subfamily V which is a Qb-cover of G; 

(7) For any a G M(L) and any b G /?*(a), Q a -cover U of G with T sp (F) > a ( for each F e U) has a finit 
subfamily V which is a (strong) /3 a -cover of G. 

Proof. Straightforward. □ 

Theorem 4.3. Let (X, T) be an L-fuzzy topological space and G G L x . If (3(c A d) = /?(c) A (3(d) for each c, 
d E L, then the following conditions are equivalent: 

(1) G is L-fuzzy SP-compact; 

(2) For any a G M{L) 1 each strong /3 a -cover U of G with a G /3 (Afgw 7~ sp (F)) has a finite subfamily V which 
is a (strong) /3 a -cover of G; 

(3) For any a G M(L), each strong /3 a -cover U oi G with a G /? (Afgw 7~ sp {F)), there exists a finite subfamily 
V oiU and 6 G M(L) with a G /3*(6) such that V is a (strongly) /3f,-cover of G. 

Proof. Straightforward. □ 
5 Properties of L-fuzzy SP-Compactness 

Definition 5.1. Let (X, T) be an L-topological space, a G M(L) and G G G is said to be a-fuzzy SP- 
compact if and only if for each b G /3(a), G; a -Semi-Preopen cover ti of G has a finite subfamily V which is a 
Qh-Scmi-Preopen cover of G. 

Theorem 5.1. Let (X,T) be an L-topological space. G G L" Y is fuzzy SP-compact if and only if G is a-fuzzy 
SP-compact for each a G M(L). 

Proof. (=>) Suppose that G is fuzzy SP-compact and for any a G £t> b G /3(a) and W is any Q a -Semi-Preopen 
cover of G. Then, we have 




and a < f\ xeX (G(x)' V \/ FeU F(x)), so that 



a < 
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By b £ /3(a), we have 



b< V A (Wo'v V F ( x n 

ve2(") ifEX V Fev J 



Hence there exists V G 2^ such that b < f\ xeX (p{x)' V Vfgv ^X 3 -))- This shows that b is Qb-Semi-Prcopcn 
cover of G. 

(<=) Suppose that each <5 a -Semi-Preopen cover IA of G has a finite subfamily V which is a Q a -Scmi-Prcopen cover 
of G for each 6 £ /3(a). Then a < f\ xeX (G{x)' V \] FeU F{x)) implies that 6 < f\ xeX (G(x)' W \J FeU F{x)) . 
Therefore a < /\ xeX {G{x)' V \J FeU F(x)) implies that b < Vve2<»> A x ex ( G ( X Y v Vfgm F W) ■ So a < 
A.ex ( G W v Vf ^0*0) implies that V 6e/3(o) 6 < Vve2<»> A x ex ( G ( X Y v Vfgw ^(s)) , i-c, a < A* eJC (G(x)' V V FeW 
implies that 



Hence 



a < V A ( G W v V F ( x n ■ 

V£2(") V Feu J 



f\ I G(ir)' V \f F(x) J < \/ /\ V \/ F(x) . 



□ 



Theorem 5.2. Let (X, T) be an L-fuzzy topological space and G £ L . G is an L-fuzzy SP-compact in (X, T) 
if and only if G is a-fuzzy SP-compact in (X, T[ a ]) for each a G M(L). 

Proof. (=>) Since G is L-fuzzy SP-compact in (X, T), then for every family U C L x , we have 

A T ^ F ) A A v V p w J < V A ( G ^)' v V *"(*)) ■ 

Few iex \ Feu / ve2(") iex V Fev / 

Hence for each a £ M(L) and Z// G (T sp )[ a }, we have that 

a < a ( g(^)' v v n*) ) « < v A ( G ^)' V V F W\ ■ 

xex \ Feu / ve2<") xex \ Fev J 

Thus for each b £ /3(a), there exists V G 2 (w > such that b < /\ x£X (G(x) V Vfev f ( x )) ■ Lc > for cacn a e M ( L ) 
and 6 G /3(a), each Q a -Semi-Preopen cover U of G in (X, 77 a i) has a finite subfamily V which is a Q Q -cover. 
Therefore for cach a G M(L), G is a-fuzzy SP-compact in (X, 7| a ]). 

(^=) Suppose that for each a £ M(L), G is a-fuzzy SP-compact in (X, 7[ a ])- Let U G L x and a < Afsw 7~ sp (F)A 
Axex (G(x)' V V FeM ^W) ■ Then a < A F eu T sp {F) and a < A, eX [G[x)' V V F ew - ^ U C (r sp ) [a] and 

a < A^ex (G^)' v VFew^W)- Thus for each 6 G /3(a), there exists V G 2^ such that b < f\ x&x (G{x)' V \J FeV F{x)). 
So that a < Vve2<«) A^ex (^W v Vfgv ^X 21 )) ■ Therefore G is L-fuzzy SP-compact in (X, T). □ 

Analogous to Theorem 3.8 in [1], we can obtain the following lemma: 

Lemma 5.1. Let (X,T) be an L-topological space, a £ M(L) and G, H £ L x . If G is a-fuzzy SP-compact 
and H is Semi-Preclosed, then G A H is a-fuzzy SP-compact. 

Theorem 5.3. Let (X, 7") be an L-fuzzy topological space and G £ L x . If G is an L-fuzzy SP-compact and 
T* p (H) = T, then G A H is L-fuzzy SP-compact. 



Proof. This is immediate from Lemma 15. II □ 
Analogous to Theorem 3.7 in pQ, we can obtain the following lemma: 
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Lemma 5.2. Let (X, T) be an //-topological space, a G M(L) and G, H G L x . If G, iJ are a-fuzzy SP-compact, 
then G V H is a-fuzzy SP-compact. 

Theorem 5.4. Let (X,T) be an L-fuzzy topological space and G, i? <E L x . If G, i? are L-fuzzy SP-compact, 
then G\/ H is L-fuzzy SP-compact. 

Proof. Straightforward. □ 

Lemma 5.3. Let (X,T) and (Y,U) be two L-topological spaces, a 6 M(L), G G L^ and / : (X,T) — > (Y,U) 
be an L-Semi-Preirresolute function. If G is a-fuzzy SP-compact in (X,T), then ff^{G) is a-fuzzy SP-compact 
in (Y,W). 

Theorem 5.5. Let (X, T) and (Y, U) be two L-fuzzy topological spaces, G G L x and / : (X, T) — > (Y,U) be an 
L-fuzzy Semi-Preirresolutc function. If G is L-fuzzy SP-compact in (X, 7"), then fj^{G) is L-fuzzy SP-compact 
in (Y,U). 

Proof. Since G is L-fuzzy SP-compact in (X, T) , by Theorem 15.21 G is a-fuzzy SP-compact in (X, T\ a \ ) for 
each a G M(L). By Theorem 15.21 / : (X,T[ a ]) — > (Y,U[ a ]) is L-Semi-Preirresolute. So that ff?(G) is a-fuzzy 
SP-compact in (Y,U\ a ]) (by Lemma 153)) . Therefore ff^iG) is L-fuzzy SP-compact in (Y, U). □ 
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